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Abstrat
Two positive mass, spin
1
2 partiles reated in an entangled state are studied in
the presene of a onstant magneti eld induing distint preessions, depending
on the respetive momenta, of the two spins. The harge and anomalous magneti
moment of eah partile is taken into aount. Consequenes for entanglement and,
more generally, on orrelations, are derived. We start, however, with a ompat
derivation of the eets of Lorentz transformations on suh entangled states, though
that has been studied by several authors. Our formalism displays onveniently the
analogies and the dierenes between the two ases. Moreover, ombining the two,
one obtains the ase of onstant, orthogonal eletri and magneti elds. More
general perspetives are evoked in the onluding remarks.
1 Introdution
In studying entangled quantum states the partiles involved are usually assumed to move
freely outward from their point of prodution up to the apparatus, say Stern-Gerlah,
where their polarizations are measured. We refer to the review of GHSZ [1℄ where a full,
luid disussion an be found with ample referenes to original soures. Two reent soures
exploring impliations of non-loality and reality provide further insight and, again, ample
referenes [2, 3℄.
Here we explore onsequenes on the orrelations observed of aelerations (Lorentz
transformations) and of external onstant magneti elds. Combining these two we obtain
also eets of a "rossed" eletri eld, meaning elds
(−→
E ,
−→
B
)
, onstant and orthogonal,
satisfying −→
E · −→B = 0,
∣∣∣−→E ∣∣∣ < ∣∣∣−→B∣∣∣ . (1.1)
We onsider only massive (m > 0) spin-1
2
partile pairs with spin projetions
(±1
2
)
. There
are several reent studies of entanglement in the ontext of Lorentz transformations [4, 5,
6, 7, 8℄. We summarize however ertain features (Se.3) implementing our parametrization
of Wigner rotations (App. A). This turns out to be partiularly helpful for our study of
entangled states in a magneti eld. (Se.4).
How does the spin reat to the Lorentz transformations and magneti elds? The
answer is -through "Wigner rotations". A review [9℄ presents systematially our relevant
1
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results, referring to our previous papers (whih will not be ited here separately). A
omparative study, iting a very large number of soures, is provided by a reent review
[10℄. Wigner's onstrution of unitary representations of the Poinaré group leads to
irreduible ones labeled by two invariants, one with ontinuous spetrum and the other
with a disrete, integer or half-integer one. The rst one is the mass (m) and the seond
one spin (s). (The zero mass, ontinuous spin ase does not seem to be realized in nature.)
This is a profound result. The purely group theoreti onstrution leads diretly to these
two fundamental physial properties of a partile.
How do spins, thus obtained, behave? Wigner's onstrution again furnishes the an-
swer in a anonial fashion for all spins. One thus arrives at Wigner rotations for spins
(App. A). Under pure rotations the spin and the momentum turn about the same axis
through the same angle. Under pure Lorentz transformations, for m > 0, the spin turns
again about the same axis but through a smaller angle than the momentum. There is a a
mass-dependent "lag-eet". (For m = 0, the spin athes up. The heliity remains on-
stant.) The preession of polarization in a magneti eld, the full Thomas equation, an
be obtained by starting with the time derivative of Wigner rotations [9℄. In the following
setions the onsequenes of Lorentz transformations and preessions for entangled states
are studied systematially, implementing suh an approah.
2 Reapitulation of basi features
Here, before even oming to Lorentz transformations, we summarize some well-known
fundamental fats onerning two massive (m > 0), spin-1
2
partiles in an entangled state.
Rather than iting the famous original soures we refer onveniently to the Apps. A, B,
C,... of ref. 1. Let
|ψ〉 = 1√
2
(|+〉1 |−〉2 − |−〉1 |+〉2) (2.1)
denote the state of total spin zero of two spin
1
2
partiles, of 4-veloities
(
u0,
−→
u
)
,
(
u0,−−→u
)
respetively in the frame of a partiular observer (onsidered as the rest frame). The
following fats are well-known:
1. The state is "entangled". Namely, the assumption that one an express it as
|ψ〉 = |ω〉1 |z〉2 , (2.2)
where |ω〉1 and |z〉2 are eah a linear superposition of states in spae of states of
partiles 1 and 2 respetively, leads to a ontradition.
2. Rotating the axis of spin projetions simultaneously for the two partiles to any
diretion n̂ (with n̂
2 = 1) leaves the righthand side of (2.1) invariant. This is an
expression of a spherial symmetry of the spin zero state and holds as long as the
axis of projetion is the same (n̂1 = n̂2 = n̂) for the two partiles.
2
3. When the two axes are dierent (n̂1 6= n̂2), taking (App. B of ref. 1) n̂2 as the polar
axis and n̂1 with polar and azimuthal angles (θ, 0) respetively one obtains
|ψ〉 = 1√
2
(
− sin
(
θ
2
)
|n̂1,+〉1 |n̂2,+〉2 + cos
(
θ
2
)
|n̂1,+〉1 |n̂2,−〉2−
cos
(
θ
2
)
|n̂1,−〉1 |n̂2,+〉2 − sin
(
θ
2
)
|n̂1,−〉1 |n̂2,−〉2
)
. (2.3)
The amplitudes for the joint outomes are respetively (± denoting the projetions
deteted)
(P++, P+−, P−+, P−−) =
1
2
(
sin2
(
θ
2
)
, cos2
(
θ
2
)
, cos2
(
θ
2
)
, sin2
(
θ
2
))
. (2.4)
onsistent with P++ + P+− + P−+ + P−− = 1. Hene the expetation value of the
produt of the measurement outomes is now
E (n̂1, n̂2) = P+++P−−−P−+−P+− = sin2
(
θ
2
)
−cos2
(
θ
2
)
= − cos θ = − (n̂1 · n̂2) .
(2.5)
For n̂1 = n̂2 = n̂ one obtains the perfet orrelation (θ = 0) as
E = −1. (2.6)
[This is also alled "anti-orrelation" sine for θ = 0 one obtain (+,−) or (−,+)
projetions only.℄
4. For measurements involving three diretions, (n̂1, n̂2, n̂3) say, Bell's inequality an
be expressed in our notation as
|E (n̂1, n̂2)− E (n̂1, n̂3)| − E (n2,n3) ≤ 1. (2.7)
Bell derived this (in 1964) in the ontext of the argument of Einstein, Podolski
and Rosen (EPR) involving loality, reality and ompleteness. (See, for example
Se. 2 of Ref. 1 and orresponding referenes.) It is a famous fat that quantum
mehanial preditions an violate Bell's inequality. In partiular, implementing
(2.5), representing suh preditions, the l.h.s of (2.7) beomes
|− (n̂1 · n̂2) + (n̂1 · n̂3)|+ (n̂2 · n̂3) . (2.8)
Choosing, for example, (n̂1, n̂2, n̂3) in the xy-plane with azimuthal angles
(
0, pi
3
, 2pi
3
)
respetively one obtains
|− (n̂1 · n̂2) + (n̂1 · n̂3)|+ (n̂2 · n̂3) = 3
2
> 1. (2.9)
3
3 Lorentz transformations and orrelations
Now we ome to Lorentz transformations. Here, as in Se.4, we restrit our onsiderations
to eigenstates of equal and opposite initial momenta for the two partiles. Density matries
are not introdued, as ompared to some relevant reent soures already ited. The
transitions between the results of Ses.2,3,4 respetively are thus displayed onveniently
and learly. Consider an observer for whom the rst frame (se. 2) is related through
a pure Lorentz transformation orresponding to a 4-veloity u′′. We now implement the
result of App. A. To start with the 4-veloities of partile 1 and partile 2 (of (2.2)) are(
u0,
−→
u
)
and
(
u0,−−→u
)
(3.1)
respetively. Using (A.1), (A.2) dene the orresponding
a1 = (1 + u0) (1 + u
′′
0)
(
1 + u0u
′′
0 +
−→
u · −→u ′′) , b1 = 1+ u0 + u′′0 + u0u′′0 +−→u · −→u ′′ (3.2)
and
a2 = (1 + u0) (1 + u
′′
0)
(
1 + u0u
′′
0 −−→u · −→u ′′
)
, b2 = 1+u0+u
′′
0 +u0u
′′
0−−→u ·−→u ′′. (3.3)
The Wigner rotations of the spins (for
−→
u ×−→u ′′ 6= 0) will be respetively about the axes
k̂(1) = −k̂(2) = k̂ =
−→
u ×−→u ′′∣∣−→u ×−→u ′′∣∣ (3.4)
through angles (δ1, δ2) where
cos
(
δ1
2
)
=
b1√
2a1
, cos
(
δ2
2
)
=
b2√
2a2
. (3.5)
The spin states transform as (|+〉
|−〉
)
(1)
−→ eiδ1bk·
−→
σ
2
(|+〉
|−〉
)
(1)
(3.6)(|+〉
|−〉
)
(2)
−→ e−iδ2bk·
−→
σ
2
(|+〉
|−〉
)
(2)
. (3.7)
(Here
−→σ denote the Pauli matries.) With diretion osines of k̂ denoted as (k1, k2, k3)
satisfying
k21 + k
2
2 + k
2
3 = k̂
2
= 1 (3.8)
one obtains for the entangled state (2.1)
1√
2
(|+〉1 |−〉2 − |−〉1 |+〉2) −→
1√
2
(
cos
(δ1 + δ2)
2
(|+〉1 |−〉2 − |−〉1 |+〉2) + (3.9)
i sin
(δ1 + δ2)
2
[k3 (|+〉1 |−〉2 + |−〉1 |+〉2)− (k1 + ik2) |+〉1 |+〉2 + (k1 − ik2) |−〉1 |−〉2]
)
4
(For a rotation,one just sets δ2 = −δ1. A rotation −δ1 about −k̂ is one of δ1 about k̂.
One thus reovers the rotational invariane of the l.h.s. as mentioned in se. 2, subsetion
(2).)
Fundamental onsequenes: We state them diretly to start with
(1) Entanglement is frame-independent: Lorentz transformations do not "disentangle"
an entangled state. It remains entangled in all frames.
(2) Violation of Bell's inequality is frame-dependent: For suitable hoies of parameters
a violation of the inequality for the rst observer an be absent for the seond after
a Lorentz transformation.
We now demonstrate statement (1) diretly. Then we extrat onsequenes of a
Lorentz transformation onerning orrelation. This will lead to (2) along with other
results.
Assume that the r.h.s. of (3.9) an be expressed (as in (2.2)) in a non-entangled form
as
(x1 |+〉1 + y1 |−〉1) (x2 |+〉2 + y2 |−〉2) . (3.10)
Comparing with (3.9) one obtains
x1x2 = −i (k1 + ik2) sin (δ1 + δ2)
2
,
y1y2 = i (k1 − ik2) sin (δ1 + δ2)
2
,
x1y2 = cos
(δ1 + δ2)
2
+ ik3 sin
(δ1 + δ2)
2
,
x2y1 = − cos (δ1 + δ2)
2
+ ik3 sin
(δ1 + δ2)
2
. (3.11)
This implies
x1x2y1y2 =
(
k21 + k
2
2
)
sin2
(δ1 + δ2)
2
= − cos2 (δ1 + δ2)
2
− k23 sin2
(δ1 + δ2)
2
(3.12)
or, sine (3.8) holds,
cos2
(δ1 + δ2)
2
+ sin2
(δ1 + δ2)
2
= 0. (3.13)
But, from our onstrution, (δ1, δ2) are real angles (see (3.5)) and hene
cos2
(δ1 + δ2)
2
+ sin2
(δ1 + δ2)
2
= 1. (3.14)
Thus one arrives at a ontradition. Hene statement (1) holds.
Let us now onsider orrelations as observed in the frame of the seond observer. To
simplify notations set, in (3.9),
cos
(δ1 + δ2)
2
≡ c, sin (δ1 + δ2)
2
≡ s (3.15)
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and introdue
cos
θ′
2
≡ c′, sin θ
′
2
≡ s′ (3.16)
for the new polar angle of the spin projetions of partile 2 with the orresponding states
|+〉2 = c′ |+〉′2 + s′ |−〉′2 , |−〉2 = −s′ |+〉′2 + c′ |−〉′2 . (3.17)
The r.h.s. of (3.9) is then
1√
2
(
α1 |+〉1 |+〉′2 + α2 |+〉1 |−〉′2 + β1 |−〉1 |+〉′2 + β2 |−〉1 |−〉′2
)
, (3.18)
where
α1 = (k2sc
′ − cs′)− is (k1c′ + k3s′) , β2 =
(
k2sc
′ − cs′)+ is (k1c′ + k3s′) ,
α2 =
(
k2ss
′ + cc
′)− is (k1s′ − k3c′) , β1 = − (k2ss′ + cc′)− is (k1s′ − k3c′) .(3.19)
The amplitude for the spin projetions (ompare (2.4)) are now
P++ = P−− =
1
2
(
(k2sc
′ − cs′)2 + s2 (k1c′ + k3s′)2
)
,
P+− = P−+ =
1
2
((
k2ss
′ + cc
′)2
+ s2 (k3c
′ − k1s′)2
)
. (3.20)
As a hek one notes (using c2 + s2 = c′2 + s′2 = k21 + k
2
2 + k
2
3 = 1)
P++ + P−− + P+− + P−+ = 1. (3.21)
The orrelation is now (ompare (2.5))
E = P++ + P−− − P+− − P−+
= (k2s(c
′ + s′) + c(c′ − s′)) (k2s(c′ − s′)− c(c′ + s′)) +
s2 (k1(c
′ − s′) + k3(c′ + s′)) (k1(c′ + s′)− k3(c′ − s′)) . (3.22)
This varies with the parameters in a relatively ompliated fashion. Corresponding to
partiular hoies of the axis of the Wigner rotation
(
k̂ ≈ −→u ×−→u ”
)
one obtains simple
partiular ases of interest.
ase 1.
k1 = k2 = 0, k3 = ±1 (3.23)
E = −
(
c′
2 − s′2
)
= − cos θ′. (3.24)
Case 2.
k3 = k1 = 0, k2 = ±1 (3.25)
E = −
((
c2 − s2) (c′2 − s′2)± (2cs) (2c′s′)) = − cos (δ1 + δ2 ∓ θ′) . (3.26)
For, respetively, δ1 + δ2 = ±θ′ the (anti)orrelation beomes perfet for the seond
observer.
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Case 3.
k2 = k3 = 0, k1 = ±1 (3.27)
E = − (c2 − s2) (c′2 − s′2) = − cos (δ1 + δ2) cos θ′. (3.28)
This last ase sues to illustrate the possibility presented as statement (2) onern-
ing the frame dependene of the inequality. Varying θ′ orresponding to (n̂1, n̂2, n̂3)
involved in (2.7), (2.8) and (2.9) (namely our θ′) the r.h.s. of (2.9) beomes, (due
to the extra fator in (3.25)) for the seond observer
3
2
cos (δ1 + δ2) . (3.29)
For
cos (δ1 + δ2) <
2
3
(3.30)
Bell's inequality is satised in the frame of the seond observer while it is violated
in that of the rst. We have thus established its frame-dependene.
4 Entangled state in a onstant magneti eld
The equation for preession of anonial polarization operators are presented in App. B.
We reapitulate briey the basi equations and nals results. More details an be found
in appendix B. Let
(−→
B ,−→v ,−→Σ
)
be respetively the onstant, homogenous magneti eld,
the veloity and the polarization. With unit vetors
(
B̂, v̂
)
,
−→
B = BB̂, −→v = vv̂, γ = (1− v2)−1/2 , α = (g − 2) /2 (4.1)
and
−→ω = eB
mγ
B̂,
−→
Ω =
αeB
mγ
(
γB̂− (γ − 1)
(
B̂ · v̂
)
v̂
)
(4.2)
the equations are
d−→v
dt
= −−→ω ×−→v , d
−→
Σ
dt
= −
(−→ω +−→Ω)×−→Σ . (4.3)
Apart from
(
v, B̂ · v̂
)
one has onstants
ω2 =
(
eB
mγ
)2
, Ω2 =
(
αeB
mγ
)2(
γ2 − (γ2 − 1) (B̂ · v̂)2) (4.4)
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where with unit vetors
(
ω̂, Ω̂
) −→ω = ωω̂, −→Ω = ΩΩ̂. For
0 ≤
(
B̂ · v̂
)2
< 1 (4.5)
one starts with ((0) denoting initial value at t = 0) ortho-normalized xed axes
B̂,
(
B̂× v̂
)
(0)√
1−
(
B̂ · v̂
)2 ,
B̂×
(
B̂× v̂
)
(0)√
1−
(
B̂ · v̂
)2 , (4.6)
Then one denes ortho-normalized axes rotating about B̂ as (using values at time t)
B̂,
(
B̂× v̂
)
√
1−
(
B̂ · v̂
)2 ,
B̂×
(
B̂× v̂
)
√
1−
(
B̂ · v̂
)2 , (4.7)
The projetions of
−→
Ω are
Ω1 = B̂ · −→Ω = αeB
mγ
(
γ − (γ − 1)
(
B̂ · v̂
)2)
,
Ω2 =
(
B̂× v̂
)
· −→Ω√
1−
(
B̂ · v̂
)2 = 0,
Ω3 =
(
B̂×
(
B̂× v̂
))
· −→Ω√
1−
(
B̂ · v̂
)2 = αeBmγ (γ − 1)
(
B̂ · v̂
)√
1−
(
B̂ · v̂
)2
, (4.8)
onsistent with Ω21 + Ω
2
3 = Ω
2
. The solutions (presented in detail in App. B) ombines
suessive rotations of
−→
Σ through
1. an angle (ωt) about the axis −ω̂(= −B̂)
2. an angle (Ωt) about the axis −Ω̂
From (B.8) it follows that in passing from partile 1 with initial veloity
−→
v (0) to partile
2 with −−→v (0) is equivalent to
ωt −→ ωt+ pi. (4.9)
Thus the transformation matries for the spin-
1
2
states (|+〉 , |−〉) are respetively
e−i
Ωt
2 (bΩ·
−→σ )e−i
ωt
2 (bB·
−→σ )
(4.10)
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for partile 1, and
e−i
Ωt
2 (bΩ·
−→σ )e−i
(ωt+pi)
2 (bB·
−→σ )
(4.11)
for partile 2. Here
Ω̂ · −→σ = 1
Ω
(Ω1σ1 + Ω3σ3) . (4.12)
For
(
B̂ · v̂
)
= 0 the two axes oinide and one has simply the matries
e−i(
Ω+ω
2 )t(bB·
−→σ )
(4.13)
and
e−i(
(Ω+ω)t+pi
2 )(bB·
−→σ )
(4.14)
for the partiles 1 and 2 respetively. (N.B: The implementation of (4.9) has already taken
are of the eet of the hange of sign of
−→
v 0 on the axis of projetion orresponding to
Ω3 through that on
(
B̂× v̂
)
. This is the ontent of (B.8). After this one should not
inlude an additional inversion of sign of the fator
(
B̂ · v̂
)
of Ω3. This would amount to
a double negative on one part and lead to inonsistent results - suh as time-dependent
preession of a spin zero-state.)
ase 1.
(
B̂ · v̂ = 0
)
We start the study of orrelations with the simple ase orresponding
to (4.13). We keep, however, general diretion osines of
−→
B , so that
B̂ · −→σ = (b1σ1 + b2σ2 + b3σ3) . (4.15)
where, by denition,
b21 + b
2
2 + b
2
3 = 1. (4.16)
Set c = cos 1
2
(Ω + ω) t, s = sin 1
2
(Ω + ω) t. From (4.13), the time-evaluation of
partiles 1 and 2 are respetively(|+〉1
|−〉1
)
(t)
=
[
c− ib3s −i (b1 + ib2) s
−i (b1 + ib2) s c + ib3s
](|+〉1
|−〉1
)
(0)
(4.17)(|+〉2
|−〉2
)
(t)
=
[ −s − ib3c −i (b1 − ib2) c
−i (b1 + ib2) c −s + ib3c
](|+〉2
|−〉2
)
(0)
. (4.18)
Implementing c2 + s2 = 1, b21 + b
2
2 + b
2
3 = 1, one obtains
(|+〉1 |−〉2 − |−〉1 |+〉2)(t) = −i (b1 + ib2) |+〉1 |+〉2 + i (b1 − ib2) |−〉1 |−〉2 +
ib3 (|+〉1 |−〉2 + |−〉1 |+〉2) . (4.19)
All time-dependene disappears (through c2 + s2 = 1) in the spin-zero entangled
state.This is onsistent with the fat that a zero-spin does not undergo preession.
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The struture on the right hand of (4.19) should be ompared to that of (2.3). But it
remains entangled. The demonstration is parallel to (3.10-14) (for hange of frame).
Assume that one an express (4.19) as
(x1 |+〉1 + y1 |−〉1) (x2 |+〉2 + y2 |−〉2) . (4.20)
Then one must have
x1x2 = −i (b1 + ib2) , y1y2 = i (b1 − ib2) , x1y2 = ib3, x2y1 = ib3 (4.21)
and hene x1x2y1y2 = b
2
1 + b
2
2 = −b23 or
b21 + b
2
2 + b
2
3 = 0. (4.22)
This ontradits (4.16). Hene (4.19) represents an entangled state.
Probabilities and orrelations: We again proeed as in se. 3 (see (3.16-25)).
Rotate the states of partile 2 as
|+〉2 −→ c′ |+〉2 + s′ |−〉2 , |−〉2 −→ −s′ |+〉2 + c′ |−〉2 , (4.23)
where c′ = cos (θ′/2), s′ = sin (θ′/2). Inluding a normalization fator 1√
2
, the. r.h.s.
of (4.19) is now
i√
2
[(− (b1 + ib2) c′ − b3s′) |+〉1 |+〉2 + ((b1 − ib2) c′ + b3s′) |−〉1 |−〉2−
((b1 + ib2) s
′ − b3c′) |+〉1 |−〉2 − ((b1 − ib2) s′ − b3c′) |−〉1 |+〉2] (4.24)
The orresponding probabilities are
P++ = P−− =
1
2
((
b21 + b
2
2
)
c′
2
+ b23s
′2 + 2b1b3c
′s′
)
,
P+− = P−+ =
1
2
((
b21 + b
2
2
)
s′
2
+ b23c
′2 − 2b1b3c′s′
)
(4.25)
satisfying
P++ + P−− + P+− + P−+ =
(
b21 + b
2
2 + b
2
3
) (
s′
2
+ c′
2
)
= 1. (4.26)
The orrelation is
E = P++ + P−− − P+− − P−+ =
(
b21 + b
2
2 − b23
) (
c′
2 − s′2
)
+ (2b1b3) (2c
′s′)
=
(
b21 + b
2
2 − b23
)
cos θ′ + (2b1b3) sin θ
′
= cos θ′ − 2b3 (b3 cos θ′ − b1 sin θ′) (4.27)
As in Se. 3 one an now onsider onsequenes for dierent hoies of the param-
eters. (Compare with (3.22-25).) Thus, for example, setting
b2 = 0, b3 = cos (ϕ/2) , b1 = sin (ϕ/2) , (4.28)
E = − cos (ϕ+ θ′) . (4.29)
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For b3 = 0,
E = cos θ′. (4.30)
For b1 = 0, b3 = cos (ψ/2), b2 = sin (ψ/2)
E =
(
1− 2b23
)
cos θ′ = − cosψ. cos θ′ (4.31)
Consequenes analogous to those of Se. 3 an be observed. Thus (ompare (3.25-
27)), for the same strength of the homogenous magneti eld (B) rotating it (hang-
ing ψ, say, in (4.31)) one an satisfy or violate Bell's inequality, (for the same
(n̂1, n̂2, n̂3) as in the passage from (2.9) to (3.26)).
Case 2.
(
0 <
(
B̂ · −→v
)2
< 1
)
We now have the general spinor matries (4.10) and (4.11)
for partiles 1 and 2 respetively. Having illustrated the onsequenes of rotating
the magneti eld
−→
B (i.e. variations of (b1, b2, b3) in the preeding subsetion (for−→
B ·−→v = 0) let us simplify the formalism here (for non-zero −→B ·−→v ) by hoosing axes
suh that (onserving (4.12))
−→
B · −→σ = Bσ1, −→Ω · −→σ = Ω1σ1 + Ω3σ3. (4.32)
For the limit
(
B̂ · −→v
)
= 0 this orresponds to b1 = 1, b2 = b3 = 0 leading in (4.19)
to
(|+〉1 |−〉2 − |−〉1 |+〉2)(t) = −i (|+〉1 |+〉2 − |−〉1 |−〉2)(0) (4.33)
and the ontradition between (4.16) and (4.22) redues to that between
b21 = 1 b
2
1 = 0. (4.34)
With notations
Ω1
Ω
= l1,
Ω3
Ω
= l3, l
2
1 + l
2
3 = 1 (4.35)
the spinor matries for partiles 1 and 2 respetively are now
M1 = e
−iΩt
2
(l1σ1+l3σ3)e−i
ωt
2
σ1 , M2 = e
−iΩt
2
(l1σ1+l3σ3)e−i
(ωt+pi)
2
σ1 . (4.36)
Set
cos
(
1
2
ωt
)
= c, sin
(
1
2
ωt
)
= s,
cos
(
1
2
Ωt
)
= c′, sin
(
1
2
Ωt
)
= s′ (4.37)
and
α = (c′c− l1s′s)− il3s′c, β = (c′s + l1s′c)− il3s′s. (4.38)
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Then
M1 =
[
α −iβ
−iβ∗ α∗
]
, M2 =
[ −β −iα
−iα∗ −β∗
]
(4.39)
Thus through (α, β) are ompliated, (M1,M2) have simple strutures in their terms.
From (4.38) along with c2 + s2 = 1 = c′2 + s′2) one obtains
αα∗ + ββ∗ = c′
2
+
(
l21 + l
2
3
)
s′
2
= c′
2
+ s′
2
= 1. (4.40)
This implies the unitarity onstraints
M+1 M1 =M
+
2 M2 =
[
1 0
0 1
]
. (4.41)
Now
(|+〉1 |−〉2 − |−〉1 |+〉2)(t) = [− (α |+〉1 − iβ |−〉1) (iα∗ |+〉2 + β∗ |−〉2) +
(−iβ∗ |+〉1 + α∗ |−〉1) (β |+〉2 + iα |−〉2)](0)
= −i (αα∗ + ββ∗) (|+〉1 |+〉2 − |−〉1 |−〉2)(0) −
(αβ∗ + αβ∗) (|+〉1 |−〉2)(0) +
(−βα∗ + α∗β) (|−〉1 |+〉2)(0)
= −i (|+〉1 |+〉2 − |−〉1 |−〉2)(0) (4.42)
Thus not only again time-dependene has disappeared for the spin-zero entangled
state but again for non-zero
(
B̂ · −→v
)
the relation (4.33) (for
(
B̂ · −→v = 0
)
, b2 = b3 =
0) is reprodued. Now one an rotate the axes to give more general orientations to(
B̂, Ω̂
)
. The onsequenes an be dedued in a straightforward fashion. We will
not go through the steps here.
Case 3.
(
B̂ · −→v = ±1
)
As disussed in App. B (B.25-26) this ase has to be treated
separately. The normalization (4.6) is no longer well-dened. But now v is onstant.
Thus this ase an, be treated quite simply as a separate one. We will not present
suh a disussion here.
5 Constant, orthogonal eletri and magneti elds
We only briey indiate ertain possibilities. Two ases have been studied in our previous
papers and solutions have been obtained for the polarization. They are briey presented
in our review (Ref. 9) with referenes to our original works.
Case 1:
(∣∣∣−→E ∣∣∣ < ∣∣∣−→B ∣∣∣) This is presented in Se. 3 of Ref. 9 (3.17-23). A Lorentz trans-
formation orresponding to the 4-veloity
u′′ =
1√
1− E2
B2
(
1,
E
B
Ê× B̂
)
, (5.1)
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where
(
Ê, B̂
)
are unit vetors gives transformed elds
−→
E
′ = 0,
−→
B
′ =
(
1− E
2
B2
)−1/2−→
B . (5.2)
Thus ombining the results presented here in ses. 3 and 4 one an analyze this ase
fully.
Case 2:
(∣∣∣−→E ∣∣∣ = ∣∣∣−→B ∣∣∣) (See (4.13-14) of Ref. 9 and soures ited there.) The Dira
equation (with the Pauli term for anomalous magneti moment and also eletri
dipole moment) has been solved for an external plane wave eld. A partiular
limiting ase orresponds to the present one. Complete solutions for polarization
were obtained. The general plane wave will be studied elsewhere in the ontext of
entanglement.
6 Remarks
We have studied the eets of aelerations (Lorentz transformations) and onstant, ho-
mogenous magneti elds on the entangled state of two positive mass, spin
1
2
partiles.
An additional onstant eletri eld orthogonal to the magneti one has also been briey
onsidered. We approah both aspets systematially via Wigner-rotations of anonial
spin, reapitulated in Apps. A and B. Relevant basi features of entanglement are, (or-
relations and Bell's Inequality) reapitulated in se. 2 (We onsider both these domains
as well-known and refer to thorough review artiles rather than to original soures.)
Considering frames of observers related through Lorentz transformations we have
shown that entanglement is frame-independent but the violation of Bell's inequality is
frame-dependent. ( Compare Refs. 4-8.) We show that analogous features arise as the
spin undergoes preession in a magneti eld. Correlations are formulated for the above
ases. We note how, though, the spins rotate in a magneti eld, time-dependene disap-
pears for the entangled state, onsistently with its total spin zero.
The eets of a Lorentz transformation is uniform in spae-time. A magneti eld
introdues time-dependene through spin rotations but is homogenous in spae.
What happens when partiles reated in an entangled state nd themselves plunged
in a spae-time dependent external eld? Among other possible onsequenes the spin
orrelations an depend on the loation in spae and time of the measurements arried
out. Does the entanglement survive uniformly?
The Dira equation (generalized to inlude terms orresponding to anomalous mag-
neti moment and even eletri dipole moment) has been solved for a lass of plane wave
elds whih inludes plane -polarized ones. (See ref.9 and soures ited there.) Apart
from speial features arising from 4-omponent Dira spinors involved, more fundamen-
tally, spae-time dependene is present.
Spinors have been studied in blak hole metris. A standard referene is Se. 10
of Ref.11. Kerr-Shild formalism is eluidated in Ref.12. Entanglement beyond speial
13
relativity has been onsidered in Ref.6. In suh ontexts how lose an one bring together
the mysteries of entanglement and blak holes? What happens when entangled partiles
start moving away along geodesis? We hope to understandsuh aspets better in future.
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Appendix A
Lorentz transformations and Wigner rotations
of spin
The full treatment of Wigner rotations of polarization, the expetation values of the
anonial spin operator, an be found in Ref. 9. We present below briey the essential
results (based on equations (2.24-34) of Ref. 9). Let u be the 4-veloity of a partile, of
mass m and spin s, in a partiular frame. A pure Lorentz transformation orresponding
to a 4-veloity u′′ will give one, u′, with
u′0 = u0u
′′
0 +
−→u · −→u ′′. (A.1)
Dene
a = (1 + u0) (1 + u
′′
0) (1 + u
′
0) , b = 1 + u0 + u
′′
0 + u
′
0. (A.2)
The momentum and the polarization, both turn about the axis
−→u × −→u ′′, but through
angles α and δ respetively where
cos2
δ
2
=
b2
2a
, cos (α− δ) = u0u
′
0 − u′′0∣∣−→
u
∣∣ ∣∣−→
u
′
∣∣ = p0p′0 −mp′′0∣∣−→
p
∣∣ ∣∣−→
p
′
∣∣ (A.3)
This displays the "lag" mentioned in the Introdution. Evidently this lag vanishes as
m→ 0. One an also write
sin δ =
b
a
∣∣−→
u ×−→u ′′∣∣ , cos δ = 1− 1
a
∣∣−→
u ×−→u ′′∣∣2 , (A.4)
This displays expliitly the fat that for
−→
u ×−→u ′′ = 0, δ = 0. (A.5)
Thus, in our anonial formulation, the polarization does not rotate under a pure Lorentz
transformation parallel (or antiparallel) to the initial momentum. [Hene, the presription
of dening the polarization by passing to the rest frame is totally superuous in our
anonial formalism. One denes it diretly in any frame, introduing anonial spin
matries.℄.
For a spin
1
2
partile a rotation δ about an axis k̂ (say, with k̂
2
= 1) transforms the
basis states |±〉 as, with −→σ denoting Pauli matries
ei
δ
2
b
k·−→σ
(|+〉
|+〉
)
=


(
cos δ
2
+ ik̂3 sin
δ
2
)
|+〉+ i
(
k̂1 − ik̂2
)
sin δ
2
|−〉
i
(
k̂1 + ik̂2
)
sin δ
2
|+〉+
(
cos δ
2
− ik̂3 sin δ2
)
|−〉

 . (A.6)
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Appendix B
Preession of polarization in a onstant
magneti eld
The Thomas equation for preession of polarization was derived in our previous pa-
pers (ited in Ref. 9) starting with Wigner rotations of anonial spin. Solutions were
presented. Here we present the solutions in a fashion ompat and well-adapted to our
present goal. The key is the hoie of axes displaying learly the role of initial onditions,
with study of orrelations in view. Let
−→
B be the onstant magneti eld and
−→
v the
veloity of the positive m, spinning partile. Let
−→
B = BB̂, −→v = vv̂ (B̂2 = v̂2 = 1) (We
use standard units with c = 1, v < 1.) Two onstants of motion are v and B̂ · v̂. we start
with the general ase
0 ≤
(
B̂ · v̂
)2
< 1. (B.1)
The limiting ase
B̂× v̂ = 0, B̂ · v̂ = ±1. (B.2)
is partiularly simple and best treated separately. The ase
B̂ · v̂ = 0 (B.3)
is also simple, but ontained in (B.1). We hoose, for (B.1), the ortho-normalized xed
axes
B̂,
(
B̂× v̂
)
(0)√
1−
(
B̂ · v̂
)2 ,
B̂×
(
B̂× v̂
)
(0)√
1−
(
B̂ · v̂
)2 , (B.4)
where (0) denotes the initial value at t = 0. The orresponding omponents of the
polarization
−→
Σ are dened as
Σ1 = B̂ · −→Σ , Σ2 =
(
B̂× v̂
)
(0)
· −→Σ√
1−
(
B̂ · v̂
)2 , Σ3 =
(
B̂×
(
B̂× v̂
)
(0)
)
· −→Σ√
1−
(
B̂ · v̂
)2 , (B.5)
Next one denes the ortho-normalized rotating set of axes (with values at time t)
B̂,
(
B̂× v̂
)
√
1−
(
B̂ · v̂
)2 ,
B̂×
(
B̂× v̂
)
√
1−
(
B̂ · v̂
)2 , (B.6)
The rotation is also about B̂, given by
dbv
dt
= −−→ω × v̂ with
−→ω = eB
mγ
B̂ γ =
(
1− v2)−1/2 . (B.7)
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One has (with
−→ω = ωω̂, ω̂2 = 1)(
B̂× v̂
)
=
(
B̂× v̂
)
(0)
cosωt−
(
B̂×
(
B̂× v̂
))
(0)
sinωt,(
B̂×
(
B̂× v̂
))
=
(
B̂×
(
B̂× v̂
))
(0)
cosωt+
(
B̂× v̂
)
(0)
sinωt (B.8)
One denes orrespondingly the rotating omponents of
−→
Σ (r) as
Σ
(r)
1 = Σ1, Σ
(r)
2 = Σ2 cosωt− Σ3 sinωt, Σ(r)3 = Σ3 cosωt+ Σ2 sinωt. (B.9)
The preession equation for
−→
Σ is
d
−→
Σ
dt
= −
(−→ω +−→Ω)×−→Σ , (B.10)
where −→
Ω =
αeB
mγ
(
γB̂− (γ − 1)
(
B̂ · v̂
)
v̂
)
(B.11)
with α = (g− 2)/2 representing the eet of the anomalous magneti moment. Carefully
grouping the terms, after simpliations, one indeed obtains the expeted result
d
−→
Σ (r)
dt
= −−→Ω ×−→Σ (r). (B.12)
The eet of
−→ω is absorbed in the rotating frame. One has just the supplementary rotation
Ωt about −Ω̂ (where −→Ω = Ω Ω̂, Ω̂2 = 1). In fat, sine(
B̂× v̂
)
· Ω̂ = 0 (B.13)
one obtains for
−→
Σ (r)
dΣ
r)
1
dt
= Ω3Σ
(r)
2 ,
dΣ
r)
3
dt
= −Ω1Σ(r)2 ,
dΣ
r)
2
dt
= Ω1Σ
(r)
3 − Ω3Σ(r)1 (B.14)
with the onstant oeients
Ω1 = B̂ · −→Ω = αeB
mγ
(
γ − (γ − 1)
(
B̂ · v̂
)2)
,
Ω2 =
(
B̂× v̂
)
· −→Ω√
1−
(
B̂ · v̂
)2 = 0,
Ω3 =
(−→
B ×
(
B̂× v̂
))
· −→Ω√
1−
(
B̂ · v̂
)2 = αeBmγ (γ − 1)
(
B̂ · v̂
)√
1−
(
B̂ · v̂
)2
(B.15)
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with
Ω21 + Ω
2
2 + Ω
2
3 =
(
αeB
m
)2(
1−
(
B̂ · v̂
)2)
= Ω2. (B.16)
The expliit expressions for (Ω1,Ω3) are not partiulary simple. But they are preisely
what are needed to display the basi struture of the solutions.
The linear set (B.14) with onstant oeient is easily solved. One obtains
Σ
(r)
1 =
Ω3
Ω
(a cosΩt + b sin Ωt) + c
(
Ω1
Ω
)
,
Σ
(r)
3 = −
Ω1
Ω
(a cosΩt + b sinΩt) + c
(
Ω3
Ω
)
,
Σ
(r)
2 = (b cosΩt− a sinΩt) , (B.17)
where (sine
−→
Σ
(r)
(0) =
−→
Σ (0))
a =
1
Ω
(
Ω3Σ1(0) − Ω1Σ3(0)
)
, c =
1
Ω
(
Ω1Σ1(0) + Ω3Σ3(0)
)
, b = Σ2(0) (B.18)
and hene ∣∣∣−→Σ (r)∣∣∣2 = a2 + b2 + c2 = ∣∣∣−→Σ (r)(0)∣∣∣2 . (B.19)
Finally one obtains the expeted, standard, form
−→
Σ (r) = (cos Ωt)
−→
Σ (0) + (1− cos Ωt)
(
Ω̂ · −→Σ
)
(0)
Ω̂− (sinΩt)
(
Ω̂×−→Σ
)
(0)
. (B.20)
This represents a rotation (Ωt) about the axis
(
−Ω̂
)
. Trivially inverting (B.8) one obtains
the projetions on xed axes. Thus we have two suessive rotations of
1. angle (ωt) about the axis (−ω̂)
2. angle (Ωt) about the axis
(
−Ω̂
)
The limit
(
B̂ · v̂
)
= 0: In this ase the two axes oinide. One has just a rotation
(Ω + ω) t about
(
−B̂
)
where
−→
Ω = αγ−→ω . (B.21)
Now the axes (B.5) redue to (
B̂, B̂× v̂,−v̂
)
(B.22)
and one has (
B̂× v̂
)
=
(
B̂× v̂
)
(0)
cosωt+ v̂(0) sinωt,
v̂ = v̂(0) cosωt−
(
B̂× v̂
)
(0)
sinωt (B.23)
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The speial limit
(
B̂× v̂
)
= 0: Now
1−
(
B̂ · v̂
)2
= 0 (B.24)
and one annot normalize as in (B.5) and (B.6). But now v̂ remains onstant and
−→ω = eB
mγ
B̂,
−→
Ω = α−→ω . (B.25)
(Note the dierene of a fator γ for
−→
Ω , as ompared to (B.21).) Choosing any pair of
xed ortho-normal axes in the plane orthogonal to
−→
B one obtains quite simply the nal
results.
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